Abstract. We investigate the relative and Tate cohomology theories with respect to Ding modules and complexes, consider their relations with classical and Gorenstein cohomology theories. As an application, the Avramov-Martsinkovsky type exact sequence of Ding modules is obtained.
Introduction
The subject of relative and Tate cohomology theories goes back to Avramov and Martsinkovsky [2] . They studied the theories in the subcategory of modules of finite G-dimension and made an intensive study of the interaction between the three cohomology theories: i.e., the absolute, the relative and the Tate cohomology theories.
On the other hand G-dimension 0 modules are called Gorenstein projective by Enochs and Jenda [4] . Note that Ding et al. in [3] and [11] considered two special cases of Gorenstein projective and Gorenstein injective modules, which they called strongly Gorenstein flat and Gorenstein FP-injective modules, respectively. Since over a Ding-Chen ring the strongly Gorenstein flat and Gorenstein FP-injective modules have many nice properties analogous to Gorenstein projective and Gorenstein injective modules over a Gorenstein ring, Gillespie [6] renamed these modules as Ding projective and Ding injective modules, respectively.
Subsequent work of the relative cohomology of Ding homological modules has been made by Yang in [17] . He showed that over a Ding-Chen ring R, for any R-modules M , N and any i ≥ 1 one has Ext i DP (M, N ) ∼ = Ext i DI (M, N ). Though we don't know whether or not every R-module has finite Ding injective or Ding projective dimension when R is a Ding-Chen ring (see [3, Thm. 3.6] and [11, Lem. 3.1] for partial answer), we have the following interesting result (see Theorem 3.5).
Theorem A. Let M be an R-module with finite Ding projective dimension and N be an R-module with finite Ding injective dimension. Then for all i ≥ 1, we have isomorphisms Theorem B. Let M be an R-module with finite Ding projective dimension. Then for each R-module N and each n ≥ 1 we have
The close relations between absolute, relative and Tate cohomologies are illuminated by an Avramov-Martsinkovsky type exact sequence (see [2, Thm. 7.1]). As an application of the relative and Tate cohomology theories of Ding homological modules, we get the Avramov-Martsinkovsky type exact sequence of Ding homological modules (see Theorem 5.6).
Theorem C. Let R be a Ding-Chen ring. Then for any R-modules M with finite Ding projective dimension and N with finite Ding injective dimension there is an Avramov-Martsinkovsky type exact sequence
The layout of this paper is as follows: In Section 2, we review some definitions and notations which are basic to the rest of the paper. Section 3 is devoted to defining and studying the relative cohomology theory of Ding homological modules. We show that this theory has intimate connections with the classical cohomolgy and Gorenstein cohomology theories. In Section 4, the Tate cohomology theory of complexes with finite Ding injective dimension is treated. Finally, as an application, the Avramov-Martsinkovsky type exact sequence with respect to Ding homological modules is obtained in Section 5.
Preliminaries and notions
Throughout this paper, R denotes an associative ring with identity, and modules are left R-module. In this section, we recall basic definitions and notions used in this paper. = 0 for all i ∈ Z. Furthermore, we set supX = sup{i ∈ Z | X i = 0} and infX = inf{i ∈ Z | X i = 0}.
Given an R-module M , we denote by M the complex with M in the 0th place and 0 elsewhere, and identify M with M occasionally if there is no risk of ambiguity. Definition 2.2. Given an R-complex X and an integer n, Σ n X denotes the complex X shifted n degrees to the left, i.e., (Σ n X) i = X i−n and ∂
n ∂ X i−n . Definition 2.3. A homomorphism ϕ : X → Y of degree n is a family (ϕ i ) i∈Z of homomorphisms of R-modules ϕ i : X i → Y i+n . All such homomorphisms form an abelian group, denoted Hom R (X, Y ) n ; it is clearly isomorphic to Π i∈Z Hom R (X i , Y i+n ). We let Hom R (X, Y ) denote the complex of Z-modules with n th component Hom R (X, Y ) n and differential
for all i ∈ Z. A chain map of degree 0 is called a morphism. Homomorphisms ϕ and ϕ ′ in Hom R (X, Y ) n are called homotopic, denoted ϕ ∼ ϕ ′ , if there exists a degree n + 1 homomorphism µ, called a homotopy, such that ∂(µ) = ϕ − ϕ ′ . A homotopy equivalence is a morphism ϕ : X → Y for which there exists a morphism ψ :
is an isomorphism. For a morphism α : X → Y , we denote by Cone(α) the mapping cone of α. It is given by Cone(
Ding homological modules
We denote the classes of projective, flat, injective and FP-injective R-modules by P = P(R), F = F (R), I = I(R) and F I = F I(R), respectively. Definition 2.5. Consider the complex X with X n ∈ P(R) such that H n (X) = H n (Hom R (X, P(R))) = 0 for all n ∈ Z. The syzygies of this complex are called Gorenstein projective R-modules. We denote the class of Gorenstein projective R-modules by GP.
An R-module N is called Gorenstein injective, if there exists an exact complex Y of injective R-modules such that N is isomorphic to a cokernel of Y , and H n (Hom R (I(R), Y )) = 0. We denote the class of Gorenstein injective R-modules by GI.
Definition 2.6 ([6]
). An R-module M is called Ding projective if there exists a Hom R (−, F (R))-exact exact sequence of projective R-modules
. Denote the class of Ding projective R-modules by DP.
An R-module N is called Ding injective if there exists a Hom R (F I(R), −)-exact exact sequence of injective R-modules Definition 2.8. Let X be a class of R-modules and M an R-module. An X -resolution of M is a complex of R-modules in X of the form
such that H 0 (X) ∼ = M and H n (X) = 0 for all n ≥ 1, and the following exact sequence is the augmented X -resolution of M associated to X:
The X -projective dimension of M is the quantity
In particular, one has X -pd R (0) = −∞. The modules of X -projective dimension 0 are the nonzero modules of X . We set X = the subcategory of R-modules with X -pd R (M ) < ∞.
An X -resolution X of M is proper if the augmented resolution X + is Hom R (X , −)-exact. And we set X = the subcategory of R-modules admitting a proper X -resolution.
We define (proper) X -coresolution and X -injective dimension dually. And
Notation 2.9. When X is the class of projective (Ding projective) R-modules, we write pd R M (Dpd R M ) for the associated homological dimension and call it the projective (Ding projective) dimension of M , respectively. Similarly, the injective (Ding injective) and flat dimensions of M are denoted id R M (Did R M ) and fd R M , respectively.
In particular, we abbreviate as follows: DP = the subcategory of R-modules with Dpd R M < ∞. DI = the subcategory of R-modules with Did R M < ∞. DP = the subcategory of R-modules admitting a proper DP-resolution. DI = the subcategory of R-modules admitting a proper DI-coresolution. Definition 2.10. Let X be any class of R-modules and M an R-module. An X -precover of M is an R-homomorphism ϕ : X → M , where X ∈ X and such that the sequence
is exact for every X ′ ∈ X . If, moreover, ϕf = ϕ for f ∈ Hom R (X, X) implies f is an automorphism of X, then ϕ is called an X -cover of M . Also, an Xpreenvelope and X -envelope of M are defined "dually".
Relative cohomology
It is well known over any associative ring R it is standard to derive Hom R (−, −) using projective resolutions in the first variable, or injective resolutions in the second variable, and doing this, one obtains Ext n R (−, −) in both cases. In this section, we examine the situation where projective and injective modules are replaced by Ding projective and Ding injective ones, respectively.
At first, we will need the following:
Assume that id R W = m < ∞. Since M is Ding projective, we have an exact sequence
where all P i are projective R-modules. Breaking this sequence into short exact ones, we see that Ext Consequently, every R-module with finite Ding projective dimension has a proper left DP-resolution (that is, there is an inclusion DP ⊆ DP).
(2) If N is an R-module with Did R N < ∞, then there exists a short exact sequence 0 → N → E → C → 0, where N → E is a DI-preenvelope of N , and id R C = Did R N − 1 (in the case where N is Ding injective, this should be interpreted as C = 0).
Consequently, every R-module with finite Ding injective dimension has a proper right DI-coresolution (that is, there is an inclusion DI ⊆ DI).
We split the resolution D into short exact sequences. Hence it suffices to show exactness of Hom R (T, H) for all Ding injective R-modules H and all short exact sequences
where D → M is a DP-precover of M . By Proposition 3.2(1), there is a short exact sequence 
′ → H be any homomorphism. We wish to find g : D ′ → H such that gι = f . Now pick an exact sequence 
(2) Dual the proof of (1).
Definition 3.4. Let M ∈ DP and consider a proper left DP-resolution D → M . For every n ∈ Z and every R-module N , define a relative cohomology group Ext
Similarly, choosing for each N ∈ DI a proper right DI-coresolution N → E, we define for each n ∈ Z and each R-module M a relative cohomology group
Recall that a ring R is called an n-FC ring if it is both left and right coherent and FP-id( R R) and FP-id(R R ) are both less than or equal to n. A ring R is called Ding-Chen if it is an n-FC ring for some non-negative integer n. 
is Hom R (DP, −)-exact, then for each R-module M ∈ DP there is a long exact sequence (2) and (3) above.
In the following, we want to compare Dext with the classical Ext. 
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Therefore [7, Chapter III, Prop. 1.2 A] implies that Ext i R (−, N ) can be computed using (proper) left DP-resolutions of the argument in the first variable, as desired.
The proof of (2) is similar. The claim (3) is a direct consequence of (1) and (2) 
Tate cohomology
In this section, we define and study a Tate cohomology theory for complexes of Ding homological modules over associative rings.
The following notions are fundamental to our investigation. 
Recall that an R-complex S is called totally acyclic if S n ∈ I and H n (S) = 0 = H n (Hom R (E, S)) for each E ∈ I and each n ∈ Z [14] . Since I ⊆ F I, then every totally F I-acyclic complex is totally acyclic. Definition 4.6. Let X be an R-complex. A Tate F I-coresolution of X is a diagram X λ / / I ν / / S of morphisms of complexes, where S is a totally F Iacyclic complex, λ is a DG-injective resolution of X, and ν i is bijective for all i ≪ 0.
The next result is the key for well-definedness and functoriality of Tate cohomology.
For each morphism of complexes µ : X → X ′ there is a morphism µ : I → I ′ , unique up to homotopy, making the left-most square in the next diagram commute up to homotopy,
and for each choice of µ there exists a unique up to homotopy morphism µ, making the right-most square commute up to homotopy. Moreover, if λ and ν are injective, then µ and respectively µ can be chosen such that the left-most square and respectively the right-most square commute. If µ = id X , then µ and µ are homotopy equivalences.
Proof. The proof is almost dual to that of [2, (5. 3)].
Definition 4.8. Let X be an R-complex. The Ding injective dimension of X is defined by
The next assertions follow from the definition. 
By [15, Thm. 5.3.15] , complexes admitting Tate F I-coresolutions are precisely these R-complexes of finite Ding injective dimension. This allows us to define our Tate cohomology functors using the coresolutions.
We let C( DI) denote the class of complexes of finite Ding injective dimension.
Definition 4.10. Let N ∈ C( DI), and choose a Tate F I-coresolution
Then for each R-complex M and each n ∈ Z, define a Tate cohomology group by the equality Dext
The morphism
induces for every n ∈ Z a homomorphism of abelian groups i } i∈I and any family of complexes {N j } j∈J of finite Ding injective dimensions, there is a natural isomorphism
Proof. The naturality of Dext (
When sup M < ∞, the properties above are also equivalent to the following.
for any DG-injective resolution M λ / / I, so the groups Dext
and let α : S −(i−1) → K be the canonical surjection. Since 0 = Dext
This means that α splits, so K is injective. Induction on j shows that Z j (S) is injective for all j ≤ −i. By definition,
For the rest of the proof we assume sup M < ∞. 
As ν is in B 0 (Hom R (I, S)), there exists a σ ∈ Hom R (I, S) 0 such that ∂(σ) = ν in Hom R (I, S). Since ν j = id Sj for all j ≪ 0 and the complex S is exact, we obtain the map Ker(∂ which is independent of choices of resolutions and liftings by dualing Proposition 4.11.
Avramov-Martsinkovsky type exact sequence
In this section M is a left R-module.
Recall that for any R-module M with Gpd R M < ∞, there exists a complete resolution, that is, a diagram T ϑ / / P π / / M where P π / / M is a projective resolution, T is a totally acyclic complex (see Remark 4.5(2)), and ϑ i is bijective for all i ≫ 0. For any R-module N and each n ∈ Z, the nth Tate cohomology group is defined as Ext n R (M, N ) = H n (Hom R (T, N )),
Since P g−1 is flat, the complex Hom R (T, P g−1 ) is exact, there exists u g−1 ∈ Hom R (P 0 , P g−1 ) such that i • d −1 = u g−1 • d −1 . Similarly there exist u g−2 , . . ., u 1 , u 0 that make the diagram commutative. Since u : T → P is a morphism of complexes (with u 0 , . . . , u g−1 as above and u n = id P g−1−n for n ≥ g) with u n is bijective for n ≥ g, it follows that T u / / P π / / M is a Tate F -resolution. Now, we use the projective resolution P and the Tate F -resolution T to construct a proper left DP-resolution of M .
Let D = Imd g−1 . Then D is a Ding projective R-module by [3, Rem. 2.2] (3) and there is a commutative diagram:
